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YIBRATIONS OF AVIATION ENGINES,*
By
C. artinot Lagarde.

. ~ If we oconsidsr

a simple system, consisting of a mass XK restigg on springs
(Fig. 63), a1id ir a force F aots on the system; it moves a cer-
taln distance dz. i# the foroe ceases suddenly, the system re-
sumes 1ts position of equilibrium by a serles of odcillations on
elther slide of this vosition. The ﬁeziod of thees osclllations

is the rarticular period belonging to the system. Let us assune
that the reooll foroe of the epring is proportional to 1ts dlse-~

tortion and that the resisting foroe of friotion, which damps
the osoillations, is proportional to their veloolty. If =z 1is

the value of the ordinate of the center of gravity of the nass
M ='§ (P, weight in kg.; g, acceleration due to gravity) at a
2

glven instant, 1lts veloocity 1s g%, its acceleration 1a ﬁ;%

. 8
a.nd_. the corresponding force of inertia 1s ~ % X -g—ﬁ This foroe,

acoording to the classi¢ theorems of mechaniocs, is egual o the
sum of the impressed foroes, namely, the —ecéil forzce oz and

the friotion 2b'%f (in negleocting the weight). The general suv:

tion of the motion is aoccordingly

LE 4z _
(1) L-%;r + 2 2% +0z2=0

which is often put, in order to simplify the caloulations, in the

following form

* From "Les Nouveaux Moteurs d'Aviation," (published by Berger-
Levrault, Paris), Chap. V, pp., 377-383. 1931.
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(3) 2 4z _
%Tt#+2hdt+ka z =0,
by making .
-] _ /9
- hfumk"/u

t
The general solution of this equation takes the form Z = e°".

8 being the root of the equation of ths second degree:
8° + 3he + ¥* =G,
whenoce:

R
se=-rt /0 - ¥

(=2 + /2® - kg)-t (e = /=2 -—1;;)-1: '

Zy = Aje , + Ay

If ¥ -¥ > 0, z Xeeps on deoreasing. If X° - ¥ < 0,2
1s 2 sinusoidal function

Z2, = 1"t 5o (J(=® =25 +9),

whlich oomes from

-L )
Z =48 5% (D, sin 9, % + D, cos % t).

In tte second case, the exponsntlal terrm in s78%  1ixewise
decreases. The amplitude of the osolllatlons thus decreases Te&r-
idly with % a.nd. the principal period of these damped oscilla-

" tions (Fig. 63) 1s ejuasl to
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The coefriclents h and k°® ocharactarize the suspension
and can be determined experimentaliy, which mekes it posceible ¢
find the perlod of this simple system.

« = In rsalitr, in +le

cage of an alrplane, the mass U 1s replaced by an engine in op-
'era.tion and the spring is Teplaced by a frame ani a fuselage
more or less elastlc. The momentary force considered above 1s
replaced by periodic impulses transmittsd by the englne and due
to variations in tihs sngine couple and tc the foross of irertis
pro:;ortiona.l to the square of ths argular veloclty., These im-

Tulses may be represented by the expression

4, w? gin Wt +o) + 4, sin (0t + O3)

by neglecting tis terms of thz succesding orders in 2w t, ete.
These psriodio impulses give rlace *o what ars called sustalnced
vibrations (Fig. 63). I2 we mesuns w o be conatont end adopt
a sultabls origin for the arogs, this expression may de put undex
the general form Fuw® sin 3.

By likening 'l;,ha eng~.ne frame to a single spring and ecssuming
© .to be oconstant, tkhe general equation for tke motion of the er-
éine in the .'_vertica.l rlane beooumes:

w2F

3 H
( ) .. “_.,. gh-g'.-: +-k2z = & gin @t, in whichk E = T

at?

Ir order to have the resultent motlion, we mmust consider L=

notions a;long trte other two axes of the coordinates, the laterel
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ani longitudinal axes of the éngine, wh:l.c;h yisld analogous equa~
' tions.

The general solutlon of the praceding equation 1s the sum
.of an Integral of the. eque.tion,. without the sesoond member, end =
partloular solutlon of the oompletQ equation. Since the inte-
gral of the oQuation, without the second merber, tends rapidlyr
toward O when + inoreases. as we havs already seen, we will
consider only the pazrticular solution of +the complate sGuation.
This solution 1s a periodic funotion of tkLe form
z =B egin wt + C oos wt, %ns ococeffiolents B and C helng de~
termined by substituting this valus for =z in equation 3, and
by treatling as idsntical the coefflciens of sach seum in both

members. Ve thus find that 2z may be put under tae form

z-—-% 32n (W% - a),
1r whioh

E;:_.&.Q__—..__.B_Q._ p = ﬂkz_ w3)2+4h3w3

cos o sin o
tang o = —LRW _ ;o E (3% - o?)
k2 - w® (¥ - wa)a + 4b2 3
.B= = 2h W %

(x* - o®)® 4+ an?0?

Then h is negligible, the dercminator of A becomses O
and when w® = k®, +the amplitude of trs vibratlons tends to *n~

crease lndefinitely, giving us a synohronism. In p-acilce, the
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friotion is appreciable and the amplitude remalns finite. Never-
theless, since h is emall, the amplitude 1s perceptible, when
w3 = k’, whioh renders tang o infinite, . o = %. For thle orlt-

1ocal velooity, the maxitmm of =z is displaced 90° wita referenc:
to the engline coupls. )

In reality, since the veloolty w 1s not atrictly oconmstant
and sinoce thé variations of the oouple and the forces of inertis
are large, the general solution 1s a periodio -funotlion decompos-
able linto elementary series of simusoldal form, admitting many
harmonlos, whose periods are funotions of w and its multlples

end whose flrsi term is glven below:

z=-g- sin (0t - a).

The engine tranamits the vibrations to the support by means
of a spring, in Teality with the interpolation of a more or less
elastic joint. The corresponding .force can be represented at
each instent by the tension of the spring, whloh 13 equal %o
oz = kM %sin (wt - @), +that is, on replacing the letters by
thelr values in terms of the coefficients of the primitive edue-
tions (1) and (3) (formla given by Mr. Lecorm)

o = @ Fo
NACKES I s

sin (wt ~ @) = E' gin (pt - @)

Such is the variable and periodic force with whioh the spring
presses on the englne support. This foroe admits the same per-

lod as the forces of irertia of the englne.
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For zx sngire witk K orlindsrs, e saw that the fcross

tranamitted are reriodio funotions of Ewt and -Ké wt, whlokr

modifies the values of ¢ correeponding tc the oritical perilods.

It is advantageous 50 reducs to a minirmnm the amplitude
F' of this force ¢ and, for this purpose, to rsduce tkhe forces
of inertia F and the angular veloolty w, ard to inorease I
and the coefficient of damping. Ir an extreme theoretical odase,
M 1is very large, the coeffloients b of damping and o of the
recoil tension of tre spring are negligible, in comparlison witk
M, and the maximum value of & tends toward %'-,f‘ end is inde-
pendent of the velocity. The engine is mounted on a very light
anl flexible support, constituted, for examnle, by two overavrg
girders. In the oese when the engine support is rigld, the re~
coll tsnsion of the spring becomes predominant and the maximum
value of ¥ iends toward w°F. Aslide from these extreme oases,
the amplitude @ varies with .

Under the influence of this yerlodic foros, the engline sur-
vort has therefors s tendency to vibrate, whioh mekes it import-
;a.n'b that the period ocorresponding to the number of explosions
or revolutions of the englne should not coinclde with the natur-
al osclllatlon period of its support. The vibrations of the sup-
port reaot in turn on the engins and are susceptible of varying
tiae oritiocal spsed of certaln revolving parts, for example, the
orank skaft.

The ocombirsd ergine and 1ts supnorting airplans in reality

represent a scrt of double rendulum oorsisting of the englne with
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8 mass .M connected more or lessa slastioaiiy with its frame,
‘_and of the airplane 1tae*f which may bs llkened o & oertaln
ress M' ~eating on fiied p01nts, by means &f &n latermediete
complex srring. These fixed polnts are nmaterialized sither in
tra contact points of the wheéls witk the floor of the hangrpr,’
or in the roints of application of the forces of sustentation to
the wings, when thse girplane is in flight. The oritical speed
mey therefore differ iZn the two cases. In praotice, the vibra-
+lons afa greatér on ths ground, then .Jduring flight.

Under tkhe influerocs of the ongine Tibrations, the &irplane
tends to assume & vibratory motion, vhose equation has the 3ame
form &8s tae ons already indloated for an engine surrorted only
by aprings. If we let y Terrzesent tas displecements of tha en~
gine, we will +tren Zave, in cider %o determine its value, after

meking tha same kypotheses for the sems of simplification,

2.

(3) H'-i:}+2b'-g¥+o':r=E (sin wt - a)

ths szame ejuation as above (3) in whioch %he correspornding letters
ars aoccentuated.

The same conolusions apply thersfors to the supposting air-
plane. The coeffioclients of tkis equation are much more complex.
to determine, but the general solutlion i1s still a complex pericd-
ic funotion, with the same period es that of tre engine, also re-
solvable into elementary sirusoidal funotiona.

The period of the osoillations rroper-of the support 1s
shortened in proportion to tha rigidity of the system and the
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shortness of the displacsments allowed by the connectlons.

‘The critiocal speeds corresponding to equations (3) and (3')

" are not gererally the same, bu% there are nevartheléss critical

speeds for the whole system of this sort of double pendulum cor-
stituted by the engine and the airplane.
Tre foregoing general equations ococur ‘in the study of all os-

" cillatory and periodic phenomene, esrecially 1n alternating elec-

trlo currents, vhich originate in a cirouit contalning a self-
induction coil and a condenser. Ths coeffloients simply change
their signification.

Since the mass of the supporting frare is small, it is im-
portart to make it elther as rigild as possible, so that 1t will
have 1ts own vibration periods, much shorter tran those due to
the exrlosions and the forces of inertia, or very flexible, so
that 1t w11l have very long periods, different from those of the
disturbing forces. In the firet ocase, the englne is supported
by a very rigld frame of wood or metal, wlth the interposition
of e}astio pads to aot as shock absorbers, and is held in posi-
fion by Bélleville washers designed to pressrve the contact. In
the seoond cage, the engline is supported by twp flexible wooden
beame. In resallty, the vhole airplane forms the support and is
subjected to the vibration of the englne It is 1mportant to
determlne the .vibration nodes, in ordsr that they may not beoome
dangerous in any fioinity by producing distortions beyond the
elastlo limit of the substance. Ve know that the vibration period

of simple systems (suoh as ocables, struts, spars and levers of
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simple geometric form and praotically uniform cross-sectlon ard
of small zige in douparison with thelr length) depends on the
oross-seotlion and the distance between theilr fixed points.

These Fixed points are generally thre points of support determin-
ed by tae consiruction of the alrpiane ltself, and which conse-
cuently, ocannot be shifted. In order o change the vibratlon per-
iod, 1t is sometimes possible to oreate supplementary nodes by
the introduction of intermedlate stays and struts.

3. Vibrometers snd aococelerometers. — In order to determine
experlimentally the anpllitude of tae vivrations, the ocomparative
method 1s emmloyed, either by utilizing erplrically the impres-
slon received by 10lding the Land on the vibratlng part or, mors
scilentifically, by examining the 1ndications of a vibrometer.

A vidbromster should give not only the period, t also the
value of the maxlimum locel acoelsration at any instant and the
maximum anmplituds of the osclllations, indispensavle glements
for characterlzinzy rumerlcally the destructive power of any shak-
iag in the alrrlane. Illost of the vibromeitsrs utilize the iner-
t%a rendulum. We wlll only menﬁion the one of Auclalr and Boye:—
Guillon and the one of Bourlet and A, de Gramont- de Guiche.

The esmentlal part of the inertia penduium is a mass parti-
ally soliid with the system and gulded ln such manner as to be
able to mové in only one glven direotlon. This maas, under the
1nfluence of thes effect of ilnertla and opposing foroes, takes a

relative motion with reference to the system. The penduwlum andits



damping device must heve an inertis as small and a coefficlient
of decmping as large as rosslble,. 1n crdsr to minimize the fdiz—
placenents" of the imsoriptions and ths "lancere." In gener:l,
the opposing foroe 1s préduoed by & spring or by the welght.

¥e may adopt, for the displacements of the pendulum, the law zl-
ready indiceted for the vibrationa proper of the eimple system.
The relative displacement x of the 1ne£tia mass and the abso-
lute displacement y of the pendulum support are both assumed
to be mosions of trarslation, The force transmltted to the pen-
dulum by its support is proportional to the scceleration of the
suprort, that is to %%% which 1z a function of the time t.
The diffsrentlal equation binding =x and ¥ 1s conseqGuently the
following, aocording to the one already glven at the beglnning

of the chapter for the motions of an engine resting on a spring:

2

2 2
& gp3 + 30 Gy t+OoX §;¥ PR (%).

in whioch Q is ths coeffiocient of lnertia of the pendulum, D
the oveffilcient of damping and o ths coefficlent of recoil.
These ocoefflolients are characterisilo of the instrument,

What we observe are the displacements x of the pendulur.
From them we deduoe by means of the above equation, ths functilea
F(t) of %he disp;acementa of the support. The pendulum thus ba-
oomes an amplifier for revealing the scarcely visible motions of
+he suppoxrt.

The pendulum is gsnerally provided with a':ecording mechar.—
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3am which antomatiocally traces a ourve representing, as a func-
tionr of the time, the relative motion of the inertla mass. Thi.

curve 1s a graphic representatlon of the solutlion of the differ-
entiel squation binding ¥ to =x.

As a particular solution of this equatior, we may conslder
the one whioh satiasfies the inltial conditions of the motion.

We have already seen that the general integral of the squation
in the second member tends towards O &t ths end of a certaln
time, so that, after the speed has been onos established, the 15-
ertla pendulum follows the law given by the particular integral.
OonéeQuently, whenever the 1nitial conditions of the relative
motion of the lnertia mass are fixed, the disgrams cbtalned are
ocomparable, wken the furction F(%) remains the same.

Every perlodio moticn of the support, the frequency of which
has become established, can be recorded by the inertis rendulum
and the sams analyzed. Tha complex periodic motion of the sup~
port may be oconslidered, according t¢ Fourier's theory, as the

resultant of the simple sinusoidal motions, £(t), £ (%) ........
£,{t), with periods equal to sub-multiples of tke period of the

Hva

resultant nmotlion - T % .s

F(t) = £,(t) + £,(t) + + £,(%). ‘

_ The searcia for an integral of the complete squation returns
to that of the simple elementary equations. Now; an integral of
the differential equation:




“ if -
£(z) = £,.(%) = K, cos (@ % + B,) a = .3,13.11

is a simple sinusoldal funotion, displaced with reference Hto iv.
Hencg, if {the nmotion of £he pendulum suprort is & simple sinmu-
soidal motlon, the motion of the inertla pendulum will also be

a simple sinmusoldal ocns with the same period, but wlth & certaln
difference in phase. Their amplitudes will bear a definite ratio,
provided there 1s no gynchronism. If the motlon of the support
is a oomplex perlodic motion, the motion of tke pendulum wiil
also be complex and have the same périod. 7Tius we have the theo-
retical means for recording the vibretions. The diagram obtained
makes it possibls to determnlne. for each value of +, that of
F(%), vy measuring on it the value of x, of-gf and of-%%%.

In order to be able to obtain rractlical results, the coeffl-
clent of damping muet remain nearly constant, the recording de-
vice must introduces no disturbance, nnr be subjected to shocks
from its support, and the vibration period of the pendulum must
not be the same as that of its support.

The manufacture of these inetruments is difficult. In fao3,
we must kegp ths recoil foroe strong enough so the pendulum will
nof,be senaltive to slight extsznal perturbations. The damping.
on the contrary, must be so sligh% as not to injure its sensl-
tiveness. In order taat its pe:iod mzy be large, .that is, that
‘the expression ﬁ&.grhf be large, 1t is advantageous to have a

long or hesvy pendulum.
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The accelercmeter of Auolalr and Boyer-Guillon (Fig. 64),
sometimes ocalled a maximﬁm aocslerometer, has a mass supported
by a spring, whose tersion ocan be regulated and whioh rests on &
shouldsr. The mass remains statlonary so long as the foroe of
jnertla 1s less than the sum of the tenslon of the srriang and the
wolght of the mass. The maxirum ordinate is noted by an émpli—
fying devioce with a record}ng drum. The instrument may be ad-
Juated so that the mass wlll leave the shoulder oniy at the in-
stant of this maximmum, oy utilizing, for example, an electric
contact. At thils irstant the mass has the same acceleration as
its support and we have the equation a' g%§ (force of ineriia)
= b'R (tension of serring) + o'P (weight), a', b', and o' being
the constants cf the lnstruments.

We thus have *the means for studylang the vibration phenomena.
In & simrle sinuanidal riotion, the maxirum acceleration and the

ampiltude of the motion are cocmbined by e asimple law resulting

from the rroperties of the sinusoidal functions:

== A gin pt,
%% = Aw o088 b,
%%% = - Aw® s8in wt.

The maximum amplitude is A and the maximum accslsration is

Aw? when w= Zph
1 being the number of revolutions or double oscillations per min.

equal to

When'the vibrations are very complex, which is *the emse wiilh

eugines, it 1s necessary to inorsase the number of measurerents,
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with varying tensions of the spring, which constifutes a Giffi-
oult opersatlion. _ . .

In the vibr&meter of Oailo-ﬁ;uriéé-and A. de Gramont de
Guiche (Fig. 65), i1t has been sought to obtain the minirmm in-
ertia end the maximum cosfficlent of dasping, whlle conserving
a very great sensltiveness. The very light rod is attacked <o
the very taut membrare of a Marey air ocapsule. The osclllatlions
of this rod, mounted on a vibrating part of the engline support,
acquire an oscillatory motion with tke same period as the support,
and with an amplitude which is & function of that of the support.
The oscillatory motion produces varylng &ir pressure&dn the ocap-
sule, which are transmitted by a flexibie tube to a second iden-
tical capsule, insulated from the vibrations of the engire frams
and connected with 2 recording stylus. Tke lnstrument is ocom-

" plated by a tuning-fork vhose synchronous vibrations are recorded
on the same strip of paper, unrolled a% & uniform cpesd by a re-
cording drum, and give the measurement of the tlme. |

The dlagrams in Fig. 66 show the interesting results obtaln-
ad. They correspond, of course, to the vibratory condition rro-
duced by tka engine at the point of the support to whlok the oap-
sule 1s applled. _

The instrument has three capsules, placed in three dlffer-
ent rectengnular —~lanes, whioh consequently, glve the three ocompo-
nent vibrations.

In order to enable 2 comparative study of the vibrations of

two engines, it 1s nacessary to employ the sams suppo-t and the
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saﬁe revolution spesd. By placing 1t on various parts of the
eﬁgine~support,moruof the alrplane 1t enables the deterninaticn
of the orltioal speeds, that is, the maximim vibrations at any
point. It has not yet been possible to determine, for each
epeed, the absolute values of the vibrations. The indication of
their relative size already oonstltutes, however, a valuable in-
dilcation.

These have been made on tte theory of the vibrations of
blades and of frequenoy metars, which give information on the
number of revolutlons, but not on the amplitude and accelesratlion
of the motions, As & vibrometer without insrtia and of great
sensitiveness, 1t will perhaps be pogsible sometime to utilicse
lamps witk grills, whish will enable the measuring of the vibra-
tions of a small metal cylinder, solid with the engine frame, by
the vibrations of the elsotric fisld produced in an annular sole-
noid, independent of the englne frame.

Agcldental causeg of wvibrations. - Any faillure in the equl-
1iorium of the rotuting masses or any accidental variation of the
couple or torque ocauses vibrations or tremblings, according to
the charaoter (periodic or not) of these actiona.

Among the moving messes, espacial importance must be attach-
ed to the proreller, not only from the point of view of '1ts stat-
1o but also of its dynamio equllibration, to i1ts perfect syzmetzy
from the aerodynamic point of view and %o ite mounting on the enr.

gine. Tre propsiler axis must be perpendicular te that of the =r-
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gine, so that 1t will describe a disk or & tone. The breaking of
a ﬁrqpeller blade, from & lack cf balancing of the centrlifugal
foroes, may result in wrenching the engine from its supporting
frame, The propeller must bs attached to the engine shaft in
suoh manner that its motion will be perfectly regular. Any Gis-
placement of the propeller about 1ts hud ocauses, by reason of ita
inertie and variations of the engine couple, dangerous vibrations
and frioction, ocapable of ralsing ite temperature sven to setting
the wood on fire.

Variations of the oocuple, dus either to the fusl surply oz
its carburetion, o= to the filling of the oylinders (distribu-
tion, !ntake, valves, tightness of the riston rings) or to tte
ignition, cause serious disturbances from tie roint of view of
the viboatliona. These variations rmst be closely watched and ~e-
duced to the minirmum, before making any alteration in the englne
or its support, for the sake of reducing the vibrations.

Trenslated by the Nationmal Advisory Comnittee for Aeronautios.
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Fig. 82. - Vibrations of a mass supported
: on two springs.
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Fig, 83. - Oscillations.
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a) Damped oscillations. b) Sustained oscillations.
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Fig. 64. — Accelprometer of Auclair and Boyer-
Guillon.
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‘ Recording drum

Marey's capsule with elastic membrane.

Fig, 85, = Vibrometer of A. de Gramont de Guiche fL’J
and Carlo Bourlet.
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Flg 66. - Vibrations recorded by a Gulche
' vibrometer on a 140 HP Dion engine
mounted on a testing bench and running
at 1860 r.p.u.
1. Lateral vibrations; 3. Vertical vibrations;
3. Vibrations of tuning fork; 4 Longltudlnal vibrations.




